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FUARETS

THE main change from the third edition is that the chapter on quantum
electrodynamics has been rewritten. The quantum electrodynamics
given in the third edition describes the motion of individual charged
particles moving through the electromagnetic field, in close analogy
with classical electrodynamics. It is a form of theory in which the
number of charged particles is conserved and it cannot be generalized
to allow of variation of the number of charged particles.

In present-day high-energy physics the creation and annihilation
of charged particles is a frequent occurrence. A quantum electro-
dynamics which demands conservation of the number of charged
particles is therefore out of touch with physical reality. So I have
replaced it by a quantum electrodynamics which includes creation and
annihilation of electron-positron pairs. This involves abandoning any
close analogy with classical electron theory, but provides a closer
description of nature. It seems that the classical concépt of an electron
is no longer a useful model in physics, except possibly for elementary
theories that are restricted to low-energy phenomena.

P.A.M.D.
ST. JOHN’S COLLEGE, CAMBRIDGE

11 May 1957

NOTE TO THE REVISION OF THE
FOURTH EDITION
THE opportunity has been taken of revising parts of Chapter XII

(‘Quantum electrodynamics’) and of adding two new sections on
interpretation and applications. P.A. M. D.

ST. JOHN’S COLLEGE, CAMBRIDGE
26 May 1967
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F—hRAETE
THE methods of progress in theoretical physics have undergone a
vast change during the present century. The classical tradition
has been to consider the world to be an association of observable
objects (particles, fluids, fields, etc.) moving about according to
definite laws of force, so that one could form a mental picture in
space and time of the whole scheme. This led to a physics whose aim
was to make assumptions about the mechanism and forces connecting
these observable objects, to account for their behaviour in the
simplest possible way. It has become increasingly evident in recent
times, however, that nature works on a different plan. Her funda-
mental laws do not govern the world as it appears in our mental
picture in any very direct way, but instead they control a substra-
tum of which we cannot form a mental picture without intro-
ducing irrelevancies. The formulation of these laws requires the use
of the mathematics of transformations. The important things in
the world appear as the invariants (or more generally the nearly
invariants, or quantities with simple transformation properties)
of these transformations. The things we are immediately aware of
are the relations of these nearly invariants to a certain frame of
reference, usually one chosen so as to introduce special simplifying
features which are unimportant from the point.of view of general
theory.

The growth of the use of transformation theory, as applied first to
relativity and later to the quantum theory, is the essence of the new
method in theoretical physics. Further progress lies in the direction
of making our equations invariant under wider and still wider trans-
formations. This state of affairs is very satisfactory from a philo-
sophical point of view, as implying an increasing recognition of the
part played by the observer in himself introducing the regularities
that appear in his observations, and a lack of arbitrariness in the ways
of nature, but it makes things less easy for the learner of physics.
The new theories, if one looks apart from their mathematical setting,
are built up from physical concepts which cannot be explained in
terms of things previously known to the student, which cannot even
be explained adequately in words at all. Like the fundamental con-
cepts (e.g. proximity, identity) which every one must learn on his
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arrival into the world, the newer concepts of physics can be mastered
only by long familiarity with their properties and uses.

From the mathematical side the approach to the new theories
presents no difficulties, as the mathematics required (at any rate that
which is required for the development of physics.up to the present)
is not essentially different from what has been current for a consider-
able time. Mathematics is the tool specially suited for dealing with
abstract concepts of any kind and there is no limit to its power in this
field. For this reason a book on the new physics, if not purely descrip-
tive of experimental work, must be essentially mathematical. All the
same the mathematics is only a tool and one should learn to hold the
physical ideas in one’s mind without reference to the mathematical
form. In this book I have tried to keep the physics to the forefront,
by beginning with an entirely physical chapter and in the later work
examining the physical meaning underlying the formalism wherever
possible. The amount of theoretical ground one has to cover before
being able to solve problems of real practical value is rather large, but
this circumstance is an inevitable consequence of the fundamental
part played by transtformation theory and is likely to become more
pronounced in the theoretical physics of the future.

With regard to the mathematical form in which the theory can be
presented, an author must decide at the outset between two methods.
There is the symbolic method, which deals directly in an abstract way
with the quantities of fundamental importance (the invariants, ete.,
of the transformations) and there is the method of coordinates or
representations, which deals with sets of numbers corresponding to
these quantities. The second of these has usually been used for the
presentation of quantum mechanics (in fact it has been used practi-
cally exclusively with the exception of Weyl’s book Gruppentheorie
und Quantenmechanik). It is known under one or other of the two
names ‘ Wave Mechanics’ and ‘Matrix Mechanics’ according to which
physical things receive emphasis in the treatment, the states of a
system or its dynamical variables. It has the advantage that the kind
of mathematics required is more familiar to the average student, and
also it is the historical method.

The symbolic method, however, seems to go more deeply into the
nature of things. It enables one to exvress the physical laws in a neat
and concise way, and will probably be increasingly used in the future
as it becomes better understood and its own special mathemaitics gets
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developed. For this reason I have chosen the symbolic method,
introducing the representatives later merely as an aid to practical
calculation. This has necessitated a complete break from the histori-
cal line of development, but this break is an advantage through
enabling the approach to the new ideas to be made as direct as

possible.

P. A.M. D.
ST. JOHN’S COLLEGE, CAMBRIDGE

29 May 1930
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F1E ZEMERE

1L ETFEEMFEE

CrassicAL mechanics has been developed continuously from the time
of Newton and applied to an ever-widening range of dynamical
systems, including the electromagnetic field in interaction with
matter. The underlying ideas and the laws governing their applica-
tion form a simple and elegant scheme, which one would be inclined
to think could not be seriously modified without having all its
attractive features spoilt. Nevertheless it has been found possible to
set up a new scheme, called quantum mechanics, which is more
suitable for the description of phenomena on the atomic scale and
which is in some respects more elegant and satisfying than the
classical scheme. This possibility is due to the changes which the
new scheme involves being of a very profound character and not
clashing with the features of the classical theory that make it so
attractive, as a result of which all these features can be incorporated
in the new scheme.

The necessity for a departure from classical mechanics is clearly
shown by experimental results. In the first place the forces known
in classical electrodynamics are inadequate for the explanation of the
remarkable stability of atoms and molecules, which is necessary in
order that materials may have any definite physical and chemical
properties at all. The introduction of new hypothetical forces will not
save the situation, since there exist general principles of classical
mechanics, holding for all kinds of forces, leading to results in direct
disagreement with observation. For example, if an atomic system has
its equilibrium disturbed in any way and is then left alone, it will be set
in oscillation and the oscillations will get impressed on the surround-
ing electromagnetic field, so that their frequencies may be observed
with a spectroscope. Now whatever the laws of force governing the
equilibrium, one would expect to be able to include the various fre-
quencies in a scheme comprising certain fundamental frequencies and
their harmonics. This is not observed to be the case. Instead, there
is observed a new and unexpected connexion between the frequencies,
called Ritz’s Combination Law of Spectroscopy, according to which all
the frequencies can be expressed as differences between certain terms,
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the number of terms being much less than the number of frequencies.
This law is quite unintelligible from the classical standpoint.

One might try to get over the difficulty without departing from
classical mechanics by assuming each of the spectroscopically ob-
served frequencies to be a fundamental frequency with its own degree
of freedom, the laws of force being such that the harmonic vibrations
do not occur. Such a theory will not do, however, even apart from
the fact that it would give no explanation of the Combination Law,
since it would immediately bring one into conflict with the experi-
mental evidence on specific heats. Classical statistical mechanics
enables one to establish a general connexion between the total number
of degrees of freedom of an assembly of vibrating systems and its
specific heat. If one assumes all the spectroscopic frequencies of an
atom to correspond to different degrees of freedom, one would get a
specific heat for any kind of matter very much greater than the
observed value. In fact the observed specific heats at ordinary
temperatures are given fairly well by a theory that takes into account
merely the motion of each atom as a whole and assigns no internal
motion to it at all.

This leads us to a new clash between classical mechanics and the
results of experiment. There must certainly be some internal motion
in an atom to account for its spectrum, but the internal degrees of
freedom, for some classically inexplicable reason, do not contribute
to the specific heat. A similar clash is found in connexion with the
energy of oscillation of the electromagnetic fieldina vacuum. Classical
mechanics requires the specific heat corresponding to this energy to
be infinite, but it is observed to be quite finite. A general conclusion
from experimental results is that oscillations of high frequency do
not contribute their classical quota to the specific heat.

As another illustration of the failure of classical mechanics we may
consider the behaviour of light. We have, on the one hand, the
phenomena of interference and diffraction, which can be explained
only on the basis of a wave theory; on the other, phenomena such as
photo-electric emission and scattering by free electrons, which show
that light is composed of small particles. These particles, which
are called photons, have each a definite energy and momentum, de-
pending on the frequency of the light, and appear to have just as
real an existence as electrons, or any other particles known in physics.
A fraction of a photon is never observed.
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Experiments have shown that this anomalous behaviour is not
peculiar to light, but is quite general. All material particles have
wave properties, which can be exhibited under suitable conditions.
We have here a very striking and general example of the breakdown
of classical mechanics—not merely an inaccuracy in its laws of motion,
but an inadequacy of its concepts to supply us with a description of
atomic events.

The necessity to depart from classical ideas when one wishes to
account for the ultimate structure of matter may be seen, not only
from experimentally established facts, but also from general philo-
sophical grounds. In a classical explanation of the constitution of
matter, one would assume it to be made up of a large number of small
constituent parts and one would postulate laws for the behaviour of
these parts, from which the laws of the matter in bulk could be de-
duced. This would not complete the explanation, however, since the
question of the structure and stability of the constituent parts is left
untouched. To go into this question, it becomes necessary to postu-
late that each constituent part is itself made up of smaller parts, in
terms of which its behaviour is to be explained. There is clearly no
end to this procedure, so that one can never arrive at the ultimate
structure of matter on these lines. So long as big and small are merely
relative concepts, it is no help to explain the big in terms of the small.
It is therefore necessary to modify classical ideas in such a way as to
give an absolute meaning to size.

At this stage it becomes important to remember that science is
concerned only with observable things and that we can observe an
object only by letting it interact with some outside influence. An act
of observation is thus necessarily accompanied by some disturbance
of the object observed. We may define an object to be big when the
disturbance accompanying our observation of it may be neglected,
and small when the disturbance cannot be neglected. This definition
is in close agreement with the common meanings of big and small.

It is usually assumed that, by being careful, we may cut down the
disturbance accompanying our observation to any desired extent.
The concepts of big and small are then purely relative and refer to the
gentleness of our means of observation as well as to the object being
described. In order to give an absolute meaning to size, such as is
required for any theory of the ultimate structure of matter, we have
to assume that there is a limit to the fineness of our powers of observation



4 THE PRINCIPLE OF SUPERPOSITION §1

and the smallness of the dccompanying disturbance—a limit which is
inherent in the nature of things and can never be surpassed by improved
technique or increased skill on the part of the observer. Ifthe object under
observation is such that the unavoidable limiting disturbance is negli-
gible, then the object is big in the absolute sense and we may apply
classical mechanics to it. If, on the other hand, the limiting dis-
turbance is not negligible, then the object is small in the absolute
sense and we require a new theory for dealing with it.

A consequence of the preceding discussion is that we must revise
our ideas of causality. Causality applies only to a system which is
left undisturbed. If a system is small, we cannot observe it without
producing a serious disturbance and hence we cannot expect to find
any causal connexion between the results of our observations.
Causality will still be assumed to apply to undisturbed systems and
the equations which will be set up to describe an undisturbed system
will be differential equations expressing a causal connexion between
conditions at one time and conditions at a later time. These equations
will be in close correspondence with the equations of classical
mechanics, but they will be connected only indirectly with the results
of observations. There is an unavoidable indeterminacy in the calcu-
lation of observational results, the theory enabling us to calculate in
general only the probability of our obtaining a particular result when
we make an observation.

2. EFHIRIL

The discussion in the preceding section about the limit to the
gentleness with which observations can be made and the consequent
indeterminacy in the results of those observations does not provide
any quantitative basis for the building up of quantum mechanics.
For this purpose a new set of accurate laws of nature is required.
One of the most fundamental and most drastic of these is the Principle
of Superposition of States. We shall lead up to a general formulation
of this principle through a consideration of some special cases, taking
first the example provided by the polarization of light.

It is known experimentally that when plane-polarized light is used
for ejecting photo-electrons, there is a preferential direction for the
electron emission. Thus the polarization properties of light are closely
connected with its corpuscular properties and one must ascribe a
polarization to the photons. One must consider, for instance, a beam
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of light plane-polarized in a certain direction as consisting of photons
each of which is plane-polarized in that direction and a beam of
circularly polarized light as consisting of photons each circularly
polarized. Every photon is in a certain state of polarization, as we
shall say. The problem we must now consider is how to fit in these
ideas with the known facts about the resolution of light into polarized
components and the recombination of these components.

Let us take a definite case. Suppose we have a beam of light passing
through a crystal of tourmaline, which has the property of letting
through only light plane-polarized perpendicular to its optic axis.
Classical electrodynamics tells us what will happen for any given
polarization of the incident beam. If this beam is polarized per-
pendicular to the optic axis, it will all go through the crystal; if
parallel to the axis, none of it will go through; while if polarized at
an angle « to the axis, a fraction sin?x will go through. How are we
to understand these results on a photon basis?

A beam that is plane-polarized in a certain direction is to be
pictured as made up of photons each plane-polarized in that
direction. This picture leads to no difficulty in the cases when our
incident beam is polarized perpendicular or parallel to the optic axis.
We merely have to suppose that each photon polarized perpendicular
to the axis passes unhindered and unchanged through the crystal,
while each photon polarized parallel to the axis is stopped and ab-
sorbed. A difficulty arises, however, in the case of the obliquely
polarized incident beam. Each of the incident photons is then
obliquely polarized and it is not clear what will happen to such a
photon when it reaches the tourmaline.

A question about what will happen to a particular photon under
certain conditions is not really very precise. To make it precise one
must imagine some experiment performed having a bearing on the
question and inquire what will be the result of the experiment. Only
questions about the results of experiments have a real significance
and it is only such questions that theoretical physics has to consider.

In our present example the obvious experiment is to use an incident
beam consisting of only a single photon and to observe what appears
on the back side of the crystal. According to quantum mechanics
the result of this experiment will be that sometimes one will find a
whole photon, of energy equal to the energy of the incident photon,
on the back side and other times one will find nothing. When one
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finds a whole photon, it will be polarized perpendicular to the optic
axis. One will never find only a part of a photon on the back side.
If one repeats the experiment a large number of times, one will find
the photon on the back side in a fraction sin%x of the total number
of times. Thus we may say that the photon has a probability sin?«x
of passing through the tourmaline and appearing on the back side
polarized perpendicular to the axis and a probability cos?« of being
absorbed. These values for the probabilities lead to the correct
classical results for an incident beam containing a large number of
photons.

In this way we preserve the individuality of the photon in all
cases. We are able to do this, however, only because we abandon the
determinacy of the classical theory. The result of an experiment is
not determined, as it would be according to classical ideas, by the
conditions under the control of the experimenter. The most that can
be predicted is a set of possible results, with a probability of occur-
rence for each.

The foregoing discussion about the result of an experiment with a
single obliquely polarized photon incident on a crystal of tourmaline
answers all that can legitimately be asked about what happens to an
obliquely polarized photon when it reaches the tourmaline. Questions
about what decides whether the photon is to go through or not and
how it changes its direction of polarization when it does go through
cannot be investigated by experiment and should be regarded as
outside the domain of science. Nevertheless some further description
is necessary in order to correlate the results of this experiment with
the results of other experiments that might be performed with
photons and to fit them all into a general scheme. Such further
description should be regarded, not as an attempt to answer questions
outside the domain of science, but as an aid to the formulation of
rules for expressing concisely the results of large numbers of experi-
ments.

The further description provided by quantum mechanics runs as
follows. It is supposed that a photon polarized obliquely to the optic
axis may be regarded as being partly in the state of polarization
parallel to the axis and partly in the state of polarization perpen-
dicular to the axis. The state of oblique polarization may be con-
sidered as the result of some kind of superposition process applied to
the two states of parallel and perpendicular polarization. Thisimplies
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a certain special kind of relationship between the various states of
polarization, a relationship similar to that between polarized beams in
classical optics, but which is now to be applied, not to beams, but to
the states of polarization of one particular photon. This relationship
allows any state of polarization to be resolved into, or expressed as a
superposition of, any two mutually perpendicular states of polari-
zation.

When we make the photon meet a tourmaline crystal, we are sub-
jecting it to an observation. We are observing whether it is polarized
parallel or perpendicular to the optic axis. The effect of making this
observation is to force the photon entirely into the state of parallel
or entirely into the state of perpendicular polarization. It has to
make a sudden jump from being partly in each of these two states to
being entirely in one or other of them. Which of the two states it will
jump into cannot be predicted, but is governed only by probability
laws. If it jumps into the parallel state it gets absorbed and if it
jumps into the perpendicular state it passes through the crystal and
appears on the other side preserving this state of polarization.

3. XTHITH

In this section we shall deal with another example of superposition.
We shall again take photons, but shall be concerned with their posi-
tion in space and their momentum instead of their polarization. If
we are given a beam of roughly monochromatic light, then we know
something about the location and momentum of the associated
photons. We know that each of them is located somewhere in the
region of space through which the beam is passing and has a momen-
tum in the direction of the beam of magnitude given in terms of the
frequency of the beam by Einstein’s photo-electric law—momentum
equals frequency multiplied by a universal constant. When we have
such information about the location and momentum of a photon we
shall say that it is in a definite translational state.

We shall discuss the description which quantum mechanics pro-
vides of the interference of photons. Let us take a definite experi-
ment demonstrating interference. Suppose we have a beam of light
which is passed through some kind of interferometer, so that it gets
split up into two components and the two components are subse-
quently made to interfere. We may, as in the preceding section, take
an incident beam consisting of only a single photon and inquire what
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will happen to it as it goes through the apparatus. This will present
to us the difficulty of the conflict between the wave and corpuscular
theories of light in an acute form.

Corresponding to the description that we had in the case of the
polarization, we must now describe the photon as going partly into
each of the two components into which the incident beam is split.
The photon is then, as we may say, in a translational state given by the
superposition of the two translational states associated with the two
components. We are thus led to a generalization of the term ‘trans-
lational state’ applied to a photon. For a photon to be in a definite
translational state it need not be associated with one single beam of
light, but may be associated with two or more beams of light which
are the components into which one original beam has been split.t In
the accurate mathematical theory eachtranslational state is associated
with one of the wave functions of ordinary wave optics, which wave
function may describe either a single beam or two or more beams
into which one original beam has been split. Translational states are
thus superposable in a similar way to wave functions.

Let us consider now what happens when we determine the energy
in one of the components. The result of such a determination must
be either the whole photon or nothing at all. Thus the photon must
change suddenly from being partly in one beam and partly in the
other to being entirely in one of the beams. This sudden change is
due to the disturbance in the translational state of the photon which
the observation necessarily makes. It is impossible to predict in which
of the two beams the photon will be found. Only the probabijlity of
either result can be calculated from the previous distribution of the
photon over the two beams.

One could carry out the energy measurement without destroying the
component beam by, for example, reflecting the beam from a movable
mirror and observing the recoil. Our description of the photon allows
us to infer that, after such an energy measurement, it would not be
possible to bring about any interference effects between the two com-
ponents. So long as the photon is partly in one beam and partly in
the other, interference can occur when the two beams are superposed,
but this possibility disappears when the photon is forced entirely into

t The circumstance that the superposition idea requires us to generalize our
original meaning of translational states, but that no corresponding generalization was
needed for the states of polarization of the preceding section, is an accidental one
with no underlying theoretical significance.
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one of the beams by an observation. The other beam then no longer
enters into the description of the photon, so that it counts as being
entirely in the one beam in the ordinary way for any experiment that
may subsequently be performed on it.

On these lines quantum mechanics is able to effect a reconciliation
of the wave and corpuscular properties of light. The essential point
is the association of each of the translational states of a photon with
one of the wave functions of ordinary wave optics. The nature of this
association cannot be pictured on a basis of classical mechanics, but
is something entirely new. It would be quite wrong to picture the
photon and its associated wave as interacting in the way in which
particles and waves can interact in classical mechanics. The associa-
tion can be interpreted only statistically, the wave function giving
us information about the probability of our finding the photon in any
particular place when we make an observation of where it is.

Some time before the discovery of quantum mechanics people
realized that the connexion between light waves and photons must
be of a statistical character. What they did not clearly realize, how-
ever, was that the wave function gives information about the proba-
bility of one photon being in a particular place and not the probable
number of photons in that place. The importance of the distinction
can be made clear in the following way. Suppose we have a beam
of light consisting of a large number of photons split up into two com-
ponents of equal intensity. On the assumption that the intensity of
a beam is connected with the probable number of photons in it, we
should have half the total number of photons going into each com-
ponent. If the two components are now made to interfere, we should
require a photon in one component to be able to interfere with one in
the other. Sometimes these two photons would have to annihilate one
another and other times they would have to produce four photons.
This would contradict the conservation of energy. The new theory,
which connects the wave function with probabilities for one photon,
gets over the difficulty by making each photon go partly into each of
the two components. Each photon then interferes only with itself.
Interference between two different photons never occurs.

The association of particles with waves discussed above is not
restricted to the case of light, but is, according to modern theory,
of universal applicability. All kinds of particles are associated with
waves in this way and conversely all wave motion is associated with
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particles. Thus all particles can be made to exhibit interference
effects and all wave motion has its energy in the form of quanta. The
reason why these general phenomena are not more obvious is on
account of a law of proportionality between the mass or energy of the
particles and the frequency of the waves, the coefficient being such
that for waves of familiar frequencies the associated quanta are
extremely small, while for particles even as light as electrons the
associated wave frequency is so high that it is not easy to demonstrate
interference.

4. BIMETHEE

The reader may possibly feel dissatisfied with the attempt in the
two preceding sections to fit in the existence of photons with the
classical theory of light. He may argue that a very strange idea has
been introduced—the possibility of a photon being partly in each of
two states of polarization, or partly in each of two separate beams—
but even with the help of this strange idea no satisfying picture of
the fundamental single-photon processes has been given. He may say
further that this strange idea did not provide any information about
experimental results for the experiments discussed, beyond what
could have been obtained from an elementary consideration of
photons being guided in some vague way by waves. What, then, is
the use of the strange idea?

In answer to the first criticism it may be remarked that the main
object of physical science is not the provision of pictures, hut is the
formulation of laws governing phenomena and the application of
these laws to the discovery of new phenomena. If a picture exists,
so much the better; but whether a picture exists or not is a matter
of only secondary importance. In the case of atomic phenomena
no picture can be expected to exist in the usual sense of the word
‘picture’, by which is meant a model functioning essentially on
classical lines. One may, however, extend the meaning of the word
‘picture’ to include any way of looking at the fundamental laws which
makes their self-consistency obvious. With this extension, one may
gradually acquire a picture of atomic phenomena by becoming
familiar with the laws of the quantum theory.

With regard to the second criticism, it may be remarked that for
many simple experiments with light, an elementary theory of waves
and photons connected in a vague statistical way would be adequate
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to account for the results. In the case of such experiments quantum
mechanics has no further information to give. In the great majority
of experiments, however, the conditions are too complex for an
elementary theory of this kind to be applicable and some more
elaborate scheme, such as is provided by quantum mechanics, is then
needed. The method of description that quantum mechanics gives
in the more complex cases is applicable also to the simple cases and
although it is then not really necessary for accounting for the experi-
mental results, its study in these simple cases is perhaps a suitable
introduction to its study in the general case.

There remains an overall criticism that one may make to the whole
scheme, namely, that in departing from the determinacy of the
classical theory a great complication is introduced into the descrip-
tion of Nature, which is a highly undesirable feature. This complica-
tion is undeniable, but it is offset by a great simplification, provided
by the general principle of superposition of states, which we shall now
go on to consider. But first it is necessary to make precise the impor-
tant concept of a ‘state’ of a general atomic system.

Let us take any atomic system, composed of particles or bodies
with specified properties (mass, moment of inertia, etc.) interacting
according to specified laws of force. There will be various possible
motions of the particles or bodies consistent with the laws of force.
Each such motion is called a state of the system. According to
classical ideas one could specify a state by giving numerical values
to all the coordinates and velocities of the various component parts
of the system at some instant of time, the whole motion being then
completely determined. Now the argument of pp. 3 and 4 shows that
we cannot observe a small system with that amount of detail which
classical theory supposes. The limitation in the power of observation
puts a limitation on the number of data that can be assigned to a
state. Thus a state of an atomic system must be specified by fewer
or more indefinite data than a complete set of numerical values
for all the coordinates and velocities at some instant of time. In the
case when the system is just a single photon, a state would be com-
pletely specified by a given translational state in the sense of § 3
together with a given state of polarization in the sense of § 2.

A state of a system may be defined as an undisturbed motion that
is restricted by as many conditions or data as are theoretically
possible without mutual interference or contradiction. In practice
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the conditions could be imposed by a suitable preparation of the
system, consisting perhaps in passing it through various kinds of
sorting apparatus, such as slits and polarimeters, the system being
left undisturbed after the preparation. The word ‘state’ may be
used to mean either the state at one particular time (after the
preparation), or the state throughout the whole of time after the
preparation. To distinguish these two meanings, the latter will be
called a ‘state of motion’ when there is liable to be ambiguity.

The general principle of superposition of quantum mechanics
applies to the states, with either of the above meanings, of any one
dynamical system. It requires us to assume that between these
states there exist peculiar relationships such that whenever the
system is definitely in one state we can consider it as being partly
in each of two or more other states. The original state must be
regarded as the result of a kind of superposition of the two or more
new states, in a way that cannot be conceived on classical ideas. Any
state may be considered as the result of a superposition of two or
more other states, and indeed in an infinite number of ways. Con-
versely any two or more states may be superposed to give a new
state. The procedure of expressing a state as the result of super-
position of a number of other states is a mathematical procedure
that is always permissible, independent of any reference to physical
conditions, like the procedure of resolving a wave into Fourier com-
ponents. Whether it is useful in any particular case, though, depends
on the special physical conditions of the problem under consideration.

In the two preceding sections examples were given of the super-
position principle applied to a system consisting of a single photon.
§ 2 dealt with states differing only with regard to the polarization and
§ 3 with states differing only with regard to the motion of the photon
as a whole.

The nature of the relationships which the superposition principle
requires to exist between the states of any system is of a kind that
cannot be explained in terms of familiar physical concepts. One
cannot in the classical sense picture a system being partly in each of
two states and see the equivalence of this to the system being com-
pletely in some other state. There is an entirely new idea involved,
to which one must get accustomed and in terms of which one must
proceed to build up an exact mathematical theory, without having
any detailed classical picture.
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When a state is formed by the superposition of two other states,
it will have properties that are in some vague way intermediate
between those of the two original states and that approach more or
less closely to those of either of them according to the greater or less
‘weight’ attached to this state in the superposition process. The new
state is completely defined by the two original states when their
relative weights in the superposition process are known, together
with a certain phase difference, the exact meaning of weights and
phases being provided in the general case by the mathematical theory.
In the case of the polarization of a photon their meaning is that pro-
vided by classical optics, so that, for example, when two perpendicu-
larly plane polarized states are superposed with equal weights, the
new state may be circularly polarized in either direction, or linearly
polarized at an angle }n, or else elliptically polarized, according to
the phase difference.

The non-classical nature of the superposition process is brought
out clearly if we consider the superposition of two states, 4 and B,
such that there exists an observation which, when made on the
system in state 4, is certain to lead to one particular result, @ say, and
when made on the system in state B is certain to lead to some different
result, b say. What will be the result of the observation when made
on the system in the superposed state? The answer is that the result
will be sometimes @ and sometimes b, according to a probability law
depending on the relative weights of A and B in the superposition
process. It will never be different from both a and b. The inter-
mediate character of the state formed by superposition thus expresses
wtself through the probability of a particular result for an observation
being intermediate between the corresponding probabilities for the original
states, T not through the result itself being intermediate between the
corresponding results for the original states.

In this way we see that such a drastic departure from ordinary
ideas as the assumption of superposition relationships between the
states is possible only on account of the recognition of the importance
of the disturbance accompanying an observation and of the conse-
quent indeterminacy in the result of the observation. When an
observation is made on any atomic system that is in a given state,

t The probability of a particular result for the state formed by superposition is not
always intermediate between those for the original states in the general case when
those for the original states arc not zero or unity, so there are restrictions on the
‘intermedinteness’ of a state formed by superposition.
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in general the result will not be determinate, i.e., if the experiment
is repeated several times under identical conditions several different
results may be obtained. It is a law of nature, though, that if the
experiment is repeated a large number of times, each particular result
will be obtained in a definite fraction of the total number of times, so
that there is a definite probability of its being obtained. This proba-
bility is what the theory sets out to calculate. Only in special cases
when the probability for some result is unity is the result of the
experiment determinate.

The assumption of superposition relationships between the states
leads to a mathematical theory in which the equations that define
a state are linear in the unknowns. In consequence of this, people
have tried to establish analogies with systems in classical mechanics,
such as vibrating strings or membranes, which are governed by linear
equations and for which, therefore, a superposition principle holds.
Such analogies have led to the name ‘Wave Mechanics’ being some-
times given to quantum mechanics. It is important to remember,
however, that the superposition that occurs in quantum mechanics is
of an essentially different nature from any occurring in the classical
theory, as is shown by the fact that the quantum superposition prin-
ciple demands indeterminacy in the results of observations in order
to be capable of a sensible physical interpretation. The analogies are
thus liable to be misleading.

5. BRI FRIE

A profound change has taken place during the present century in
the opinions physicists have held on the mathematical foundations
of their subject. Previously they supposed that the principles of
Newtonian mechanics would provide the basis for the description
of the whole of physical phenomena and that all the theoretical
physicist had to do was suitably to develop and apply these prin-
ciples. With the recognition that there is no logical reason why
Newtonian and other classical principles should be valid outside the
domains in which they have been experimentally verified has come
the realization that departures from these principles are indeed
necessary. Such departures find their expression through the intro-
duction of new mathematical formalisms, new schemes of axioms
and rules of manipulation, into the methods of theoretical physics.

Quantum mechanics provides a good example of the new ideas. 1t
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requires the states of a dynamical system and the dynamical variables
to be interconnected in quite strange ways that are unintelligible
from the classical standpoint. The states and dynamical variables
have to be represented by mathematical quantities of different
natures from those ordinarily used in physics. The new scheme
becomes a precise physical theory when all the axioms and rules of
manipulation governing the mathematical quantities are specified
and when in addition certain laws are laid down connecting physical
facts with the mathematical formalism, so that from any given
physical conditions equations between the mathematical quantities
may be inferred and vice versa. In an application of the theory one
would be given certain physical information, which one would pro-
ceed to express by equations between the mathematical quantities.
One would then deduce new equations with the help of the axioms
and rules of manipulation and would conclude by interpreting these
new equations as physical conditions. The justification for the whole
scheme depends, apart from internal consistency, on the agreement
of the final results with experiment.

We shall begin to set up the scheme by dealing with the mathe-
matical relations between the states of a dynamical system at one
instant of time, which relations will come from the mathematical
formulation of the principle of superposition. The superposition pro-
cess is a kind of additive process and implies that states can in some
way be added to give new states. The states must therefore be con-
nected with mathematical quantities of a kind which can be added
together to give other quantities of the same kind. The most obvious
of such quantities are vectors. Ordinary vectors, existing in a space
of a finite number of dimensions, are not sufficiently general for
most of the dynamical systems in quantum mechanics. We have to
make a generalization to vectors in a space of an infinite number of
dimensions, and the mathematical treatment becomes complicated
by questions of convergence. For the present, however, we shall deal
merely with some general properties of the vectors, properties which
can be deduced on the basis of a simple scheme of axioms, and
questions of convergence and related topics will not be gone into
until the need arises.

It is desirable to have a special name for describing the vectors
which are connected with the states of a system in quantum mecha-
nics, whether they are in a space of a finite or an infinite number of
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dimensions. We shall call them ket vectors, or simply kets, and denote
a general one of them by a special symbol |>. If we want to specify
a particular one of them by a label, A say, we insert it in the middle,
thus |4>. The suitability of this notation will become clear as the
scheme is developed.

Ket vectors may be multiplied by complex numbers and may be
added together to give other ket vectors, e.g. from two ket vectors
|4)> and |{B) we can form

¢ 14>+c, |B) = |R), (1)

say, where ¢, and ¢, are any two complex numbers. We may also
perform more general linear processes with them, such as adding an
infinite sequence of them, and if we have a ket vector |z), depending
on and labelled by a parameter  which can take on all values in a
certain range, we may integrate it with respect to z, to get another

ket vector
[ 12> dz = (@

say. A ket vector which is expressible linearly in terms of certain
others is said to be dependent on them. A set of ket vectors are called
independent if no one of them is expressible linearly in terms of the
others.

We now assume that each state of a dynamical system at a particular
teme corresponds to a ket vector, the correspondence being such that if a
state results from the superposition of certain other states, its correspond-
tng ket vector is expressible linearly in terms of the corresponding ket
vectors of the other states, and conversely. Thus the state R results from
a superposition of the states 4 and B when the corresponding ket
vectors are connected by (1).

The above assumption leads to certain properties of the super-
position process, properties which are in fact necessary for the word
‘superposition’ to be appropriate. When two or more states are
superposed, the order in which they occur in the superposition
process is unimportant, so the superposition process is symmetrical
between the states that are superposed. Again, we see from equation
(1) that (excluding the case when the coefficient ¢, or ¢, is zero) if
the state R can be formed by superposition of the states 4 and B,
then the state A can be formed by superposition of B and R, and B
can be formed by superposition of 4 and R. The superposition
relationship is symmetrical between all three states 4, B, and R.





